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Abstract

Low Rank Approximation is a technique which lossy compresses Singular Value Decom-
position matrices into lower rank while maintaining the “energy” within the matrix,
given by the monotonically decreasing sequence of singular values J; [6]. In a process
called Low Rank Adaptation, we freeze the pretrained model weights of deep learning
models and inject trainable Low Rank decomposition matrices onto their weights to
quickly adapt them to specific tasks [2]. We first adapt a generalized language model
(bloom-3) to perform reading comprehension tasks, and subsequently adapt a generic

stable diffusion model to produce colorful and pastel-colored backgrounds.
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Chapter 1

Introduction

This chapter will cover the concepts necessary to understand Low Rank Adaptation
and its applications to Deep Learning models at a high level. This report assumes the
reader is familiar with the concepts taught in an introductory Linear Algebra class. We
begin with an explanation and proof of Singular Value Decomposition, and how Low
Rank Approximation relates to SVDs. We then build upon this concept by introducing
Low Rank Adaptation and applying it to existing models to increase training speed

and effectiveness.

1.1 Background

1.1.1 Singular Value Decomposition

SVD combines important concepts of the subject into one significant theorem yielding
many applications. It states that any matrix, regardless of symmetry, dimension,

or rank, can be unconditionally decomposed into three matrices [7].

Definition: Let m and n be arbitrary. Given A € C™*™ not necessarily of full rank,

a singular value decomposition (SVD) of A is a factorization:
A=UxV*

where



U € C™™ is unitary,
V e C™" is unitary, (1.1)

¥ e R™*" is diagonal.

In addition, it is assumed that the diagonal entries o; of ¥ are nonnegative and in

nonincreasing order; that is, oy > 02 > ... > 0, > 0, where p = min(m,n) [5].

Existence Theorem for SVDs: Every matrix A € C™*" has a singular value de-

composition.

Proof. The following proof follows Gilbert Strang’s Linear Algebra lectures at MIT in
2005 [8][9][10]. Consider a matrix A that is m x n with rank r. This implies the matrix
multiplication AT A is symmetric. In addition, it is positive semi-definite, and we will

prove this property: Consider any matrix B such that B = AT A. This implies

T Br = 2T AT Az = (Azx)T Az = (Az)? >0

Since AT A is symmetric with PSD, it is therefore diagonalizable by an orthonormal

matrix, with all its eigenvalues A\; > 0. If we order such eigenvalues such that
afz...zafzo,

where r = rank(A” A) = rank(A). Let vy, ..., v, be an orthonormal set of corresponding
eigenvectors for the eigenvalues o;. Now, define a new vector u; such that u; = Av;/o;.

We want to show that w; is a unit eigenvector of AAT

Proof. Note that

AATu; = AAT (Avsjo7) = AAT Avs— = A(o3) 20—

— (:) 2w
01 O'Z'_(O-Z) i

To show that w — ¢ is a unit eigenvector, we note that

‘ TAT A T AT Ap: o ()20,
sz) :(UZA >ﬂ:v1A AvZ:vl (04) UZ:U;‘FUZ-:I

; 0; ; 0 (Ui)2 (Uz‘)2

Av;
uf uy = (—)T—

O]

Putting everything together, if V,. is the n X n matrix whose ¢th column is v;,0 <7 <r

and Y, is the r x r diagonal matrix whose ith entry is o; and U, is the m x r matrix



whose ¢th column is u; = U%AVi, we have
U, = AV,o, ' = UX, = AV,.
If we multiply both sides of the equation by VI, we have by the orthonormality of V,I" :
ULV} = Al = A.
O
An alternate proof for SVD existence, written by Trefethen and Bau is as follows: [5].

Proof. First, we isolate the direction of the largest action of A, and then proceed by
induction on the dimension of A. Set o; = [|A||]2. By a compactness argument, there
must be vectors v; € C™ and u; € C™ with ||vi||l2 = ||ui]l2 = 1 and Av; = oyuy.
Consider any extensions of v; to an orthonormal basis {v;} of C" and of u; to an
orthonomoral basis {u;} of C™, and let U; and V; denote the unitary matrices with

columns u; and v; respectively. Then we have

01 w*

B

)

Ur AV, = S =

where 0 is a column vector of dimension m — 1, w* is a row vector of dimension n — 1
and B has dimensions (m — 1) x (n — 1). Furthermore,

\ -]

This implies ||S||2 > (07 + w*w)Y/2. Since U; and V; are unitary, we know that

g1 w*

0 B

01
> a% + wrw = (U% + w*w)1/2

w
2

2

[|S|l2 = ||A||2 = o1, so this implies w = 0. If n = 1 or m = 1, we are done. Otherwise,
the submatrix B describes the action of A on the subspace orthogonal to vi. By the
induction hypothesis, B has an SVD B = U¥,V5". Now it is easy to verify that

1 0
0 Us

1 0
0 VW

01 0

A=U, 0 s
2

is an SVD of A, completing the proof of existence.

For the uniqueness claim, we argue that if the semiaxis lengths of a hyperellipse are
distinct, then the semiaxes themselves are determined by the geometry, up to signs.

Algebraically, we argue as follows: First, note that oy is uniquely determined by the



condition that it is equal to ||A||2 as follows from the definition of an SVD. Suppose
that in addition to vy, there is another linearly independent vectorw w with ||w||2 =1
and ||Awl||a = o1. Define a unit vector ve orthogonal to v as a linear combination of

v1 and w, .
w — (viw)vy

Vo = .
l[w — (viw)vi]|2

Since ||All]2 = o1, ||Ava||2 < o1 this must be an equality, for otherwise w = vic + vas
for some constants ¢ and s with |c|? + |s|> = 1 we would have ||Aw||s < o1. This vector
vg is a second right singular vector of A corresponding to the singular value o1; it will
lead to the appearance of a vector y (equal to the last n — 1 components of Vi*vy) with
lly|ll2 = 1 and ||By||2 = o1. We conclude that if the singular vector v; is not unique,

then the corresponding singular value o7 is not simple. O

1.1.2 Low Rank Approximation

Memory constraints must often be considered when storing and working with large
matrices. If we want to reduce the amount of space required to store a matrix, one
way we can do so is to approximate a given matrix A with a rank-k matrix, for some

k € N. Such a matrix is called a low-rank approximation.

Low-Rank SVDs: We want to find a method to remove the least important aspects of
a matrix, while keeping the most important ones. Given that any matrix can be factored
into an SVD, and that the diagonal terms of ¥, o; are monotonically decreasing, SVDs

seem to be a good candidate to perform low-rank approximation.

Low-Rank Approximations from the SVD

A natural idea is to keep only the first & terms given by ¥ [6]. That is, for an SVD

factorization A and a target rank k the proposed rank-k approximation is:

The K-rank Approximation Process [6]

1: Compute the SVD of A, A =UXV”"

2: Keep only the top k right singular vectors. Set VkT equal to the first k rows of V7.
3: Keep only the top k left singular vectors. Set Uy equal to the first & columns of U.
4: Keep only the top k singular values. Set Xj equal to the first k rows and columns

of S corresponding to the k largest singular values of A.



5: The rank-k approximation is then

A = UpSiViL.

Choosing k

How many o’s do we keep? What rank should our low-rank approximation be? Gen-
erally, for any mattrix, it is a good idea to keep 80-90 percent of the ”energy”, with

2

energy in this case being the summation » ;" ; o;

[11]. Formulated mathematically,
k n

Yot =p> 0l pe(08,09

=1 i=1

1.1.3 Low Rank Adaptation

Many applications in deep learning rely on adapting one large-scale, pre-trained model
to multiple downstream applications. Adaptation is typically one via fine-tuning,
which updates all the parameters of the pre-trained model. The downside of fine-
tuning is that the new model contains as many parameters as in the original model,
and as models become increasingly large, it becomes increasingly unfeasible to train

multiple large models to perform domain-specific tasks [2].

Low Rank Adaptation (LoRA) is a procedure which freezes the pre-trained model
weights of a Machine Learning model and injects trainable low-rank approximations
of SVDs into it. Following up from previous research, the authors of LoRA, Hu et al.
(2021) propose that the change in weights during model adaptation have low intrinsic
rank [2]. That is, the first k terms in 3 hold far more importance than those in the
middle or at the end, allowing for significant reductions in matrix rank without drops
in performance. These low-rank matrices are then trained to perform specific tasks,
and in-turn, can adapt generalist models to specialized tasks. As we do not alter the
base weights, different low-rank matrices can be quickly switched in or out, allowing us

to use one large pre-trained model for multiple domain tasks.

LoRA Process [2]

Given a pre-trained weight matrix, Wy € R¥* we constrain its update by representing

its adapted parameters AW as
Wo+ AW =Wy + BA

where B € R¥" A € R™* and where the rank r is far below min(d, k)



In principle, we can apply LoRA to any weight matrix in a neural network to reduce the
number of trainable parameters. In the transformer architecture, there are four weight
matrices in the self-attention module (W,, Wy, W,, W,) and two in the MLP module,

which we can perform Low Rank Adaptation on.

Benefits

The most significant benefit comes from a reduction in storage and memory usage. In
the original Low Rank Adaptation paper by Hu et al. (2021) we see that for a large
Transformer trained using the Adam optimizer, VRAM usage can be reduced by up to
2/3 if r is significantly smaller than the dimensions of the weight matrices due to not
needing to store the optimizer states for the frozen parameters. Furthermore, VRAM
consumption decreased by a factor of 10,000 (from 350GB to 35MB) when adapting
GPT-3 with r = 4. Finally, a speedup on individual GPUs of 25 percent was noted
due to not needing to compute the gradient for the vast majority of parameters. (32.5
tokens/V100 GPU vs 43.1 tokens/V100 GPU).

These benefits allow us to train with significantly fewer GPUs and avoid I/O bottlenecks
to adapt a pre-trained model. Such a decrease in hardware requirements also means
that, for the first time, members of the general public are able to easily fine-tune large-
pretrained models for specific tasks. With as little as 5 images, amateurs can create

LoRAs for pre-train Stable Diffusion models to draw in a specific style, or setting.

1.2 About this Report

This is a project of Shiwei Chen, submitted to the Mathematics Department at the

City College of San Francisco as a part of the Mathematics Honors program.

1.3 Chapter List

Chapter 2 Design: Software dependencies, and general structure of a basic LoRA on

a generic Language Model.

Chapter 3 Implementation: Implementation of design chapter, featuring training re-

sults and significance.

Chapter 4 Stable Diffusion LoRA: Low Rank Adaptation on Stable Diffusion models,

adapting a pre-trained model to draw colorful scenery and images.

Chapter 5 Conclusion



Chapter 2
Design

To demonstrate Low-Rank Adaptation, we set our goal to adapt a language model to
succeed in reading comprehension tasks by answering questions about an article that

we provide the model.

In adapting the our pre-trained language model to answer prompts, we will use Loralib,
a software library developed by Microsoft to implement the process described in Edward
et al. (2021). We will also use the PEFT (Parameter Efficient Fine Tuning) and
Transformers library from Huggingface. Lastly, we will be implementing our LoRA
with PyTorch.

2.1 Model

We will be using the Bloom Language Model as our untrained base model. Bloom’s
architecture is modified from GPT2, and uses 3 billion parameters. Due to the Bloom
LM’s open source status and its training data being comprised of multiple languages,

it will be suitable for us to adapt for this project.

2.2 Datasets

We will be using the Stanford Question Answering Dataset (SQuAD) reading compre-
hension dataset, which consists of questions posed by contributors on a set of Wikipedia
articles, where the answer to every question is a segment of text, or span, from the cor-

responding reading passage. Find more about the squad_v2 dataset by clicking here.


https://huggingface.co/bigscience/bloom-3b
https://huggingface.co/datasets/rajpurkar/squad_v2

Chapter 3
Implementation

Implementation of the LoRA model was developed on Google Colab, and you may find

the source code by clicking here.

The Low Rank Adaptation for bloom-3b was implemented with rank r» = 8, leading to
a trainable parameter count of 2.4 million, as opposed to the 3 billion frozen pre-trained
weights parameters. This significant reduction in parameters reflects on the training
time of the Low Rank Adaptation, which parsed through the 100 entries on the squad
dataset in 102 seconds using the Google Colab free-tier GPU, a Nvidia Tesla K80.

Training loss generally observed slight a shift downwards, averaging 2.53627 by the end

of training, but beginning at around 3.0.

o context = "The Moon orbits Earth at an average distance of 384,400 km (238,900 mi), or abou
question = "At what distance does the Moon orbit the Earth?"

make_inference(context, question)

0

CONTEXT

The Moon orbits Earth at an average distance of 384,400 km (238,900 mi), or about 30 times Earth's diameter. Its
gravitational influence is the main driver of Earth's tides and very slowly lengthens Earth's day. The Moon's orbit around Earth
has a sidereal period of 27.3 days. During each synodic period of 29.5 days, the amount of visible surface illuminated by the
Sun varies from none up to 100%, resulting in lunar phases that form the basis for the months of a lunar calendar. The Moon
is tidally locked to Earth, which means that the length of a full rotation of the Moon on its own axis causes its same side (the
near side) to always face Earth, and the somewhat longer lunar day is the same as the synodic period. However, 59% of the
total lunar surface can be seen from Earth through cyclical shifts in perspective known as libration.

QUESTION
At what distance does the Moon orbit the Earth?

ANSWER
384,400 km

Figure 3.1: Output of adapted Bloom-3 model, given a context and question as inputs


https://colab.research.google.com/drive/1NvBOac1jf_-5_hdAG2OeuRGw4GsaM7GH?usp=sharing

Chapter 4

Stable Diffusion LoRA

4.1 Introduction

Stable Diffusion is a generative deep learning model used for creating high-quality
images through iterative refinement of noise. It leverages a diffusion process where noise
is gradually added to an image and then reversed using neural networks to generate
coherent images from random noise. Stable Diffusion has significant applications in art
generation, image inpainting, and super-resolution, allowing for the creation of detailed

and visually appealing images from minimal text input.

Low-Rank Adaptation (LoRA) can be applied to a pre-trained Stable Diffusion model to
adapt it to specific art styles, characters, or settings. LoRA’s ease of use and low barriers
to entry have contributed to the flourishing of generating art with Stable Diffusion as
a hobby.

Figure 4.1: ’An oil painting of a latent space.” drawn by a Latent Diffusion Model [3]



4.2 Architecture

4.2.1 U-net

The U-net is a convolutional neural network originally developed for biomedical image
segmentation. The model consists of a contracting path and then an expansive path,
giving it it’s u-shaped architecture [13]. The contracting path consists of repeated
convolutions, each followed by a ReLU activation function and a max pooling opera-
tion. As an image goes through the U-net, it is continuously compressed, losing spatial
information while feature information is increased.

64 64

128 64 64 2

input

; output
image )
t?le g . t ': ': segmentation

3 map

572 x 572

v]‘: "D =» conv 3x3, ReLU
5 = copy and crop

o e § max pool 2x2
| I 4 up-conv 2x2
gc‘: = conv 1x1

Figure 4.2: Diagram of U-net with Resnet as a backbone [13]

4.2.2 Variational Auto-Encoder

A Latent Space is a lower-dimensional representation where each point corresponds

to a potential data point.

A variational autoencoder is a generative model used for learning latent representa-
tions of data in an unsupervised manner. The encoder takes an input data point (such
as an image) and maps it to a probability distribution in a latent space. Instead of
directly outputting a fixed latent representation, the encoder outputs the parameters

(mean and variance) of a probability distribution that represents the latent space.

Stable Diffusion consists of 3 parts: A variational autoencoder (VAE) a U-net,
and an optional text encoder [3]. The VAE encoder compresses the image from

pixel space to a smaller dimensional latent space, capturing a more fundamental

10



meaning of the image. (Gaussian Noise is then continuously applied to the com-

pressed latent representation. Then, the result is passed into the U-Net to be denoised.

a ) Latent Space ") (Conditioning

£ P
Ma

Denoising U-Net €p Text

Repres
entations

il€D

Pixel Space

T
- <« %Y j
~—

denoising step crossattention = switch  skip connection concat

Figure 4.3: Diagram of latent diffusion architecture used by Stable Diffusion [3]

Importantly, the denoising step can be flexibly conditioned on a string of text, and
image, or another modality. The encoded conditioning data is exposed to denoising
U-Nets via a cross-attention mechanism, where it affects the denoising of an image,

leading to image generation.

Steps: 2 Steps: 3 Steps: 5 Steps: 8

Steps: 10 Steps: 15 Steps: 20 Steps: 30 Steps: 40

Figure 4.4: Denoising process used by Stable Diffusion [12]

4.2.3 LoRA on Stable Diffusion

Low Rank Adaptation can replace any trainable parameters. Most commonly, LoRA is

used on the weights, biases, and cross-attention mechanism of the model. Simo Ryu’s

11



LoRA Stable Diffusion library implements these features in a popular repository with

over 6k stars.

4.3 Implementation

The dataset consists of 171 handpicked images selected based on their color, saturation,
and scenery. Corresponding tags for dataset were generated by the Khoya trainer model

and manually pruned. Interested readers may click here to access this training dataset.

4.4 Results and Evaluation

The LoRA was given one hour of training on a u-net learning rate of 5e — 4 and text-
encoder learning rate of le — 4 with ten repeats on ten epochs. All pictures were
produced at 1080 x 720 resolution. We present a selection of works produced by the

”colorful scenery LoRA” below.

12


https://github.com/cloneofsimo/lora
https://drive.google.com/drive/u/0/folders/1-0hsYi7-Nr6-jJ-IssND7krKQVwbLx_G
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Chapter 5

Conclusion

Since it’s original application to Large Language Models in 2021, Low-Rank Adaptation
has found use in many other subdomains of Deep Learning. Research building upon
the original LoRA paper continues. QLoRA, a new approach presented by Dettmers
et al (2023), introduces a number of innovations to save memory without sacrificing
performance [1]. Another algorithm, Low-Rank Hadamard Product (LoHa) approxi-
mates a large weight matrix with more low-rank matrices and combines them with the

Hadamard Product to create even more parameter-efficient models.

As the field progresses, it is expected that further refinements and novel applications of
low-rank adaptation will continue to emerge, driving forward the capabilities of modern
models and expanding their applicability across various domains. The ongoing explo-
ration and adaptation of these techniques will likely remain a fertile ground for future
research, offering promising avenues for both theoretical advancements and practical

implementations.
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